The number of overrings of an integrally closed domain  by Jaballah, Ali
Expo. Math. 23 (2005) 353–360
www.elsevier.de/exmath
The number of overrings of an integrally closed domain
Ali Jaballah∗
Mathematics Division, University of Sharjah, P. O. Box 27272, Sharjah, United Arab Emirates
Abstract
We establish in this work a result that gives the number of overrings for any integrally closed
domain that has only ﬁnitely many overrings; then we provide an algorithm to compute this number.
We end this paper with an open problem for integral domains that are not necessarily integrally closed.
 2005 Elsevier GmbH. All rights reserved.
MSC 2000: primary 13B02; 13B22; 13F05; 13G05; secondary 13B20; 13B30
Keywords: Integral domain; Intermediate ring; Overring; Integrally closed; Prüfer domain; Normal
pair
1. Introduction
Let R ⊆ S be an extension of integral domains. If T is a subring of S, we assume that
T has the same identity element of S. The set of subrings of S that contain R is called the
set of intermediate rings in the ring extension R ⊆ S. We let [R, S] denote this set. If K
is the ﬁeld of fractions of R, then an intermediate ring in the extension R ⊆ K is called
an overring of R. If each overring of R is integrally closed in K, then R is called a Prüfer
domain, see for example [6,7] for properties and characterizations of Prüfer domains.
There has recently been an increasing interest in ring extensions with only ﬁnitely many
intermediate rings, and in integral domains that have only ﬁnitely many overrings. Nec-
essary and sufﬁcient conditions for the ﬁniteness of the number of intermediate rings in
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such ring extensions have been obtained in [1,8,10]. Several approximations for the num-
ber of intermediate rings in these ring extensions are given in [2–4,9], however, the exact
value of this number has not been yet computed. In [2, Theorem 3.3], an upper bound
for the number of overrings is provided. In [10, Question 2.1], the author asked for the
exact number of overrings. The purpose of this paper is to provide a complete answer to
this question for integral domains that are integrally closed. Examples of such domains
with only ﬁnitely many overrings are abundant as these are Prüfer domains, Theorem 2.1,
and have as spectrum a ﬁnite tree with only one minimal element, and for each ﬁnite tree
with a unique minimal element there is a general method to construct a Prüfer domain
with a spectrum order-isomorphic to the given tree [11, Theorem 3.1]. We establish a re-
sult that gives the exact number of overrings, and we also give an algorithm that enables
us to compute this number, Corollary 2.4 and Algorithm 2.5. We also show with an ex-
ample how to compute it, Example 2.6. This example improves some obtained bounds
in [2,9].
In the following, Spec(R) denotes the set of prime ideals of the integral domain R, and
Max(R) denotes the set of its maximal ideals. The height of a prime ideal P, ht P , is deﬁned
to be the supremum of the lengths n of chains of prime R-ideals P0 ⊂ P1 ⊂ · · · ⊂ Pn =P .
The Krull dimension of R, dim(R), is deﬁned to be the supremum of such heights for
P ∈ Max(R). The dimension of an R-ideal I is deﬁned to be dim(I ) = dim(R/I). If
P ⊆ M are two prime R-ideals, then [P,M] will denote the set of prime R-ideals Q such
that P ⊆ Q ⊆ M . For any set A, |A| denotes the cardinality of this set. Any other notation
is as in [7] or [6].
2. The number of overrings
In this section, we establish the main result that gives the number of overrings of each
integrally closed domain that has only ﬁnitely many overrings, and we give an algorithm to
compute this number. We also give an example where we compute the number of overrings
and compare the results of this paper with the available approximations in the literature.
We start recalling the following characterizations of the type of domains of main interest
in this paper, integrally closed domains with only ﬁnitely many overrings. This theorem is
a generalization of [10, Corollary 2.1].
Theorem 2.1 (Gilmer [8, Theorem 1.5]). Let R be an integrally closed integral domain.
Then the following statements are equivalent.
1. The set of overrings of R is ﬁnite.
2. Each chain of overrings of R is ﬁnite.
3. R is a Prüfer domain and Spec(R) is ﬁnite.
4. R is a Prüfer domain, and both Max(R) and dim(R) are ﬁnite.
We also recall several approximations for the number of overrings in terms of the ﬁnite
quantities occurring in the previous characterization theorem (Theorem 2.1), [2, Corollary
3.7] and [9, Corollary 3.8].
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Theorem 2.2. If R is an integrally closed domain with only ﬁnitely many overrings, then
the number |[R,K]| of overrings of R satisﬁes
|Spec(R)| |[R,K]|M∈Max(R)(1 + ht M)(dim(R) + 1)|Max(R)|.
We start our investigations on the exact number of overrings with a result that gives the
cardinality of some sets of overrings. In order to formulate this result we need to consider the
following sets deﬁned for any R-ideal I, any overring T of R, and any subset A of Spec(R):
M(I) = {M ∈ Max(R) : M ⊇ I }
and
TA =
⋂
M∈A
TR\M .
It follows directly that TM(I) =⋂M∈Max(R),M⊇I TR\M .
Let P be a prime ideal of R. A prime P ′ of R is said to cover P if there is no prime Q of
R such that P ⊂ Q ⊂ P ′, i.e. [P,P ′] = {P,P ′}.
Theorem 2.3. Let R be an integrally closed domain with only ﬁnitely many overrings, and
deﬁne a function  on Spec(R) by
(P ) : =
{
1 if P is a maximal ideal,
P ′covers P (1 + (P ′)) if P is not a maximal ideal.
Then for any P ∈ Spec(R), we have
|[RM(P), RP ]| = (P ).
We give a proof for this theorem at the end of the next section. The following corollary
is the promised main result of this paper.
Corollary 2.4. The number of overrings of an integrally closed domain R with only ﬁnitely
many overrings is given by
|[R,K]| = |[RM({0}), R{0}]| = ({0}),
where {0} denotes the zero-ideal of R.
Proof. Just use the fact that R{0} =K , and RM({0}) =RMax(R) =R, and apply the previous
theorem, Theorem 2.3. 
We can now give an algorithm to compute the number of overrings.
Algorithm 2.5. Let R be an integrally closed domain with only ﬁnitely many overrings. If
dim(R) = d, then the number of overrings of R can be computed in the following d + 1
steps.
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Step 1: Let (M) = 1, for each ideal of dimension 0 (maximal ideal).
Step 2: Let (P ) =P ′covers P (1 + (P ′)), for each ideal of dimension 1.
Step k: 2kd + 1: Let (P ) =P ′covers P (1 + (P ′)), for each ideal of dimension
k − 1.
Step d + 1: Let ({0}) =P ′covers {0}(1 + (P ′)), where {0} is the unique prime ideal
of dimension d.
The number of overrings is then |[R,K]| = ({0}).
The previous results provide an effective improvement of Theorem 2.2. Indeed consider
the following example, Example 5.5 of [2].
Example 2.6. Let Q[x] be the polynomial ring in the indeterminate x over the ﬁeld Q of
rational numbers, and letH =⋂nk=1Q[x](x−k). SetK=Q(x), and deﬁne R by the following
pullback diagram:
R
↓
K[y](y)
−→
−→
H
↓
K
R is a Prüfer domain with the following spectrum:
where Mk = (x − k)Q[x](x−k) + P, 1kn, are the maximal ideals of R.
The approximations of Theorem 2.2 give n + 2 |[R,K]|3n.
Algorithm 2.5 gives
Step 1: (M1) = (M2) = · · · = (Mn) = 1.
Step 2: (P ) =P ′covers P (1 + (P ′)) =ni=1(1 + (Mi)) = 2n.
Step 3: ({0}) =P ′covers {0}(1 + (P ′)) = (1 + (P )) = 1 + 2n.
Hence the number of overrings is |[R,K]| = ({0}) = 1 + 2n. These overrings are
K = R{0}, RP , and the RA’s, for the nonempty subsets A of {M1,M2, . . . ,Mn}.
Remark 2.7. Let R be an integrally closed domain with only ﬁnitely many overrings.
1. |[R,K]| = |Spec(R)| in Theorem 2.2 for any valuation domain of ﬁnite dimension
d =|Spec(R)|− 1. To see this it is enough to apply the function  to its spectrum which
consists of a unique ﬁnite chain, Fig. 1.
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Fig. 1.
Fig. 2.
2. |[R,K]| = i (1 + hi) in Theorem 2.2 for any integrally closed domain with a ﬁ-
nite spectrum consisting of chains meeting only at the zero ideal, and maximal ideals
M1,M2, . . . ,Mn of ﬁnite height hi = height(Mi), Fig. 2.
3. Proof of the main result
In this section, we give a proof for Theorem 2.3, which is based on several lemmas. To
prove these lemmas, we will use several properties of residually algebraic pairs (R, S) with
R integrally closed in S [2], i.e. normal pairs [5]. This is the case for the pairs (R, S), where
R is a Prüfer or a valuation domain and S is any overring of R. Especially, we will need the
following two properties of normal pairs (R, S), [2,5,9]:
1. Each intermediate ring T ∈ [R, S] is the intersection of some localizations of R, more
precisely for eachmaximalR-idealMi , there is a primeR-idealQi such that TR\Mi =RQi
and T =⋂iTR\Mi =⋂iRQi .
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2. Each prime ideal of S is an extension PS of a prime ideal P of R. Furthermore, for each
prime Q of R such that QS 	= S, QS is a prime ideal of S satisfying QS ∩ R = Q and
SQS = RQS∩R = RQ.
Lemma 3.1. Let R be a Prüfer domain and let M1,M2, . . . ,Mn be maximal R-ideals
containing a prime R-ideal P. Then for any intermediate ring T ∈ [⋂ni=1RMi , RP ], there
are prime R-ideals Qi ∈ [P,Mi], 1 in, such that T =⋂ni=1RQi .
Proof. The integral domain S =⋂ni=1RMi is a Prüfer domain, hence (R, S) and (S, RP )
are normal pairs. Each prime ideal of S is an extension QS of a prime ideal Q of R. For
each maximal ideal MiS of S, there is a prime S-ideal QiS such that TS\MiS = SQiS and
T =⋂ni=1TS\MiS =⋂ni=1SQiS =⋂ni=1RQiS∩R =⋂ni=1RQi .
Moreover, we have QiS ∈ [PS,MiS] as T ∈
[⋂n
i=1RMi , RP
]
implies that SQiS =
TS\MiS ∈
[
(
⋂n
i=1RMi)S\MiS, (RP )S\MiS
] = [SMiS, RP ] = [SMiS, SPS]. Hence, Qi ∈
[P,Mi] as required. 
Lemma 3.2. Let R be a Prüfer domain and let M1,M2 be two maximal R-ideals containing
a prime R-ideal P such that [P,M1] ∩ [P,M2] = {P }. Then for any prime R-ideals Q1 ∈
[P,M1] and Q2 ∈ [P,M2], we have (RQ1)R\Q2 = RP .
Proof. [RM1 , RP ] and [RM2 , RP ] are totally ordered by inclusion and each intermediate
ring is a localization of R at a prime ideal as RM1 and RM2 are both valuation domains.Also
[RM1 , RP ] ∩ [RM2 , RP ] = {RP } as [P,M1] ∩ [P,M2] = {P }. Now since R ⊆ RQ1 ⊆ RP ,
we have RQ2 ⊆ (RQ1)R\Q2 ⊆ (RP )R\Q2 = RP and also RQ1 ⊆ (RQ1)R\Q2 . Hence
(RQ1)R\Q2 ∈ [RQ1 , RP ] ∩ [RQ2 , RP ] = {RP }. Therefore (RQ1)R\Q2 = RP . 
Lemma 3.3. Let R be an integrally closed domain with only ﬁnitely many overrings, and
let P be a prime R-ideal that is not maximal. Then
|[RM(P), RP ]| =
∣∣∣∣∣∣
∏
Picovers P
[RM(Pi), RP ]
∣∣∣∣∣∣ .
Proof. Since P is not maximal, let P1, P2, . . . , Pn be the primes of R covering the prime
ideal P. If n = 1, P1 is then the unique prime that covers P, and we have M(P1) = M(P).
Thus the result of this lemma is trivial. If n2, then M(P) is the disjoint union M(P) =⋃n
i=1M(Pi) as the spectrum of a Prüfer domain is a tree. Set M(Pi) = {Mij : 1jji}.
Let Ti ∈ [RM(Pi), RP ], and let Qij ∈ [P,Mij ] such that Ti =
⋂
jRQij , Lemma 3.1.
For any Mkl ∈ M(P), we have (RQij )R\Mkl ⊇ RQij . Moreover, for i 	= k, we have
(RQij )R\Mkl = RP (1)
by Lemma 3.2 as [P,Mij ] ∩ [P,Mkl] = {P }. Therefore, (Ti)R\Mkl = (
⋂
jRQij )R\Mkl=⋂j (RQij )R\Mkl =RP by (1). Hence, (Ti)M(Pk) =⋂j (Ti)R\Mkj =∩RP =RP . Therefore,
(Ti)M(Pk) = RP for i 	= k. (2)
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For i = k we have (Tk)R\Mkl = (RQkl )R\Mkl ∩ (
⋂
j 	=l (RQkj )R\Mkl ) = RQkl ∩ T ′kl , with
T ′kl =
⋂
j 	=l (RQkj )R\Mkl ⊇ Tk as (RQkj )R\Mkl ⊇ RQkj . Thus, (Tk)M(Pk) =
⋂
l (Tk)R\Mkl =⋂
l (RQkl ∩ T ′kl) = (
⋂
l (RQkl ) ∩ (
⋂
lT
′
kl)) = Tk ∩ (
⋂
lT
′
kl) = Tk as T ′kl ⊇ Tk . Hence
(Tk)M(Pk) = Tk . (3)
Thus (
⋂n
i=1Ti)M(Pk) = (Tk)M(Pk) ∩ (
⋂
i 	=kTi)M(Pk) = Tk ∩RP =Tk by (2) and (3). There-
fore,
(
n⋂
i=1
Ti
)
M(Pk)
= Tk , (4)
whereTi ∈ [RM(Pi), RP ] and i ∈ {1, . . . , n}.Now, byLemma3.1, for anyT ∈ [RM(P), RP ],
there are Qij ∈ [P,Mij ], 1 in, 1jji, such that T =⋂ni=1⋂jij=1RQij =⋂ni=1Ti
where Ti = ⋂jij=1RQij ∈ [RM(Pi), RP ]. Hence ⋂nk=1TM(Pk) = ⋂nk=1(⋂ni=1Ti)M(Pk) =⋂n
k=1Tk by (4). Therefore
n⋂
k=1
TM(Pk) = T (5)
as
⋂n
k=1Tk = T .
Finally, in order to prove the equation in this lemma we consider the mapping
 :
n∏
i=1
[
RM(Pi), RP
] −→ [RM(P), RP ]
deﬁned by (T1, . . . , Tn) =⋂ni=1Ti , and the mapping (T ) = (TM(P1), . . . , TM(Pn)), in
the opposite direction.  and  satisfy
•  ◦(T ) = (TM(P1), . . . , TM(Pn)) =
⋂n
i=1TM(Pi) = T for any T ∈ [RM(P), RP ] by
(5), and
•  ◦ (T1, . . . , Tn) = (⋂ni=1Ti) = ((⋂ni=1Ti)M(P1), . . . , (⋂ni=1Ti)M(Pn)), which is
equal to (T1, . . . , Tn) as (
⋂n
i=1Ti)M(Pk) = Tk by (4).
Therefore  is bijective, which completes the proof of this lemma. 
Proof of Theorem 2.3. We proceed by induction on the dimension of P = dim (R/P ). If
dim (P )=0, then P is amaximal ideal, and |[RM(P), RP ]|=|[RP ,RP ]|=|{RP }|=1=(P ).
Assume by induction that |[RM(P ′), RP ′ ]| = (P ′) for every P ′ such that 0 dim(P ′)k,
and let P be a prime R-ideal of dimension dim P = k + 1. Note that [RM(P ′), RP ] =
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[RM(P ′), RP ′ ] ∪ {RP }, for any prime P ′ that covers P. Therefore
|[RM(P), RP ]| =
∣∣∣∣∣
∏
P ′covers P
([RM(P ′), RP ]
∣∣∣∣∣
=
∣∣∣∣∣
∏
P ′covers P
([RM(P ′), RP ′ ] ∪ {RP })
∣∣∣∣∣
=
∏
P ′covers P
((P ′) + 1)
= (P )
as k = dim(P ′)< dim(P ) = k + 1. 
Corollary 2.4 and Algorithm 2.5 give a way to compute the exact number of overrings
of an integrally closed domain (or a Prüfer domain, Theorem 2.1) with only ﬁnitely many
overrings. For integral domains that are not integrally closed, the same problem remains
open although a characterization for such domains with only ﬁnitely many overrings is
given in [8]. Hence we conclude this paper with the following problem.
Problem 3.4. What is the number of overrings of an integral domain that is not integrally
closed and that has only ﬁnitely many overrings?
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